In this paper, a strong multiplicity one theorem for Katz modular forms is studied. We show that a cuspidal Katz eigenform which admits an irreducible Galois representation is in the level and weight old space of a uniquely associated Katz newform. We also set up multiplicity one results for Katz eigenforms which have reducible Galois representation.
change the level. Thus, the missing degeneracy map q → q p in the level is provided by the Frobenius.
Then by the level and weight old space of f in level M , a multiple of N , and weight k ≥ k we understand the space generated by the images of f under all possible combinations of the level and weight degeneracy maps targeted to the space of modular forms of level M and weight k .
We will use the following definitions of minimal levels and weights to introduce our newforms. Let d ≥ 2 be a positive integer and let f ∈ M k (Γ 1 (N ), F p ) Katz be any Katz eigenform. Then f is said to have a d-minimal level if ρ f does not arise from any non-zero Katz eigenform of level M N/d m where M and m are any positive integers such that gcd(M, d) = 1. A Katz modular form f is said to have a minimal weight k if the associated mod p Galois representation ρ f does not arise from any non-zero Katz eigenform of weight strictly smaller than k. We assume that any Katz modular form in non-integral level is equal to zero. Katz is called a Katz newform if N is an l-minimal level for any prime l|N and k is the minimal weight.
The motivation behind the definition of our Katz newform is that it satisfies some of the analog results of classical newform theory.
The aim of the paper is to prove the following strong multiplicity one theorems. Katz and g ∈ S k (Γ 1 (N ), ε , F p ) Katz be Katz newforms with a l (f ) = a l (g) for each l in a set of primes of density 1. Then f = g, k = k , N = N , and ε = ε .
This means that Katz newforms are uniquely characterised by their associated mod p Galois representations. Theorem 1.3. Let F ∈ S k (Γ 1 (M ), F p ) Katz be a normalised Katz eigenform. Suppose that there is a Katz newform f ∈ S k (Γ 1 (N ), F p ) Katz such that ρ F ∼ = ρ f . Then F is in the level and weight old space of f .
As a consequence, one can determine all possible coefficients of any normalised Hecke eigenform from its associated Katz newform, provided that it exists. See Corollary 3.7 for explicit expressions.
The existence of Katz newforms is established in Theorem 2.2 (Serre's conjecture) when the associated mod p Galois representation is irreducible and in Proposition 4.1 when the associated mod p Galois representation is reducible of a certain type.
In Section 4, we set up the theory of newforms for the space of Katz Eisenstein series. In the case where cuspidal Katz eigenforms have reducible mod p Galois representations Eisenstein series come into the picture to describe their associated newforms. We have shown in Theorem 4.6 that, under some condition, up to a suitable power multiple of the Hasse invariant, any non-ordinary cuspidal Katz eigenform with a reducible mod p Galois representation is in the level old space of an associated Katz eigenform which has an optimal level.
Notation and Preliminaries
To state some of the theoretical results that we need later let us set the following notation. For any continuous Galois representation ρ p : Gal(Q p /Q p ) → GL 2 (F p ) we associate an integer k(ρ p ) as in the Definition 4.3 of [8] . Then for continuous mod p representation ρ : G Q → GL 2 (F p ) we set k(ρ) = k(ρ| G Qp ). In the literature one has the following results on weight and level lowering. Theorem 4.5) . Let p be an odd prime and let ρ : G Q → GL 2 (F p ) be a continuous, irreducible and odd mod p Galois representation. Suppose that there exists a Katz eigenform g ∈ S k (Γ 1 (N ), ε, F p ) Katz such that ρ is isomorphic to ρ g . Then there exists a Katz eigenform f ∈ S k(ρ) (Γ 1 (N ), ε, F p ) Katz with the same eigenvalues for T l (l = p) as g has, such that ρ is isomorphic to ρ f . Moreover, there is no eigenform of level prime to p and of weight less than k(ρ) whose associated Galois representation is isomorphic to ρ.
As a remark, due to the theorem of C. Khare and J.-P. Wintenberger [13] , [14] and of M. Kisin [15] proving Serre's conjecture there exists a Katz eigenform F ∈ S k (Γ 1 (N ), F p ) Katz for some integers k and N such that F gives rise to the same Galois representation of the above theorem. Thus the existence of g is superfluous. The case p = 2 is explained in [4] . For most results we need the following version of Serre's conjecture. [19] , [13] , [14] and [15] ). Let f ∈ S k (Γ 1 (N ), ε, F p ) Katz be a Katz eigenform such that ρ f is irreducible. Then there exists a unique Katz newform g in level N (ρ) and weight k(ρ) such that ρ f ∼ = ρ g .
Proof. Since ρ f is irreducible we have by Theorem 2.1 that there exists a cuspidal eigenform h ∈ S k(ρ) (Γ 1 (N ), ε, F p ) Katz such that ρ f ∼ = ρ h . Let g be the level lowering of h to level N (ρ) (see [3] and [18] ). Then by definition of level lowering we have ρ h ∼ = ρ g which gives the result as f is uniquely determined by Theorem 1.2.
for some prime number l = p. Then there exists a unique cusp form g ∈ S k (Γ 1 (N/l), F p ) Katz such that f (q) = g(q l ). In particular, g = 0 if l N .
Proof. This follows from Lemma 3.6 of [1] when l|N and the proof of Theorem 1.1 of [17] when l N . In the latter case, the statement follows from the claim in the 4th paragraph of page 31 of [17] .
One has the following weight degeneracy maps on Katz modular forms which are not present in classical modular forms. See [ [10] , §4, pg. 457] for the details. The first one is multiplying a form by the Hasse invariant which is a Katz modular form A ∈ M p−1 (Γ 1 (1), F p ) Katz whose q-expansion at the cusp infinity is equal to 1. We denote this map by α A . The other one is taking the Frobenius of a form f , Frob(f )(q) = f (q p ). Multiplying a form by the Hasse invariant does not change the level and the q-expansion of the form but adds p − 1 to the weight. Taking the Frobenius of a form multiplies the weight by p but does not change the level. These two degeneracy maps commute with Hecke operators T n for all n such that p n. 
Then the level old space of f in the level M is given by Katz . By examining the q-expansion, it is clear that we have the following commutativity properties:
Then the level and weight old space of f in the level M and weight k is the F p vector space
• W (f ) where d|M/N and W is a word in A and Frob such that W (f ) has weight k .
and ε = ε , provided that they are primitive.
Proof. Let us setε andε to be the corresponding 1-dimensional Galois representations of ε and ε . Then since p N ,ε is unramified at p and soε(Frob
There exists a derivation θ : Katz , f and θ p−1 f have the same Galois representations. By the principle of q-expansions we have that the operator θ maps modular forms to cusp forms. 
Furthermore, if f is a cusp form, then so is g by its uniqueness.
Strong multiplicity one
Let us start by proving that by moving into higher level we can make some of the inside level coefficients of any Katz eigenform zero. Let g ∈ S k (Γ 1 (N ), F p ) Katz be a cuspidal Katz eigenform. Then g is called an outside N eigenform if g is eigenform for all T n where gcd(n, N ) = 1.
Then by properties of level degeneracy mapsf is an outside li∈S l i Katz eigenform. On the other hand from simple q-expansion calculations we have a l m i ( f ) = 0 for all primes l i ∈ S and integers m ≥ 1. Thus f is an eigenform at primes l i ∈ S.
Proof of Theorem 1.2. Let ρ f and ρ g be the associated Galois representations. Then by hypothesis, the traces of ρ f and ρ g agree on the Frobenius elements for all primes in a set of primes of density 1. This implies that a l (f ) = a l (g) for all primes l N N p and ρ f ∼ = ρ g . Then by definition of cuspidal Katz newforms we have N = N and k = k . Thus a l (f ) = a l (g) for all primes l pN . Let N = n i=1 l αi i be the prime factorization of N . Then by taking S = I N in Lemma 3.1 we have forms f and g such that a l m i ( f ) = 0 = a l m i ( g) for all l i ∈ S and all m ≥ 1. If f − g = 0, then by Proposition 2.5 it must be up to a suitable power multiple of the Hasse invariant in the image of Frobenius of some cusp form of weight smaller than k, which is impossible by the minimality of k = k(ρ). Thus, a p (f ) = a p (g). If a li (f ) = a li (g) for some l i ∈ I N , then by taking S = I N − {l i } in above lemma we have cusp forms f i and g i such that a l m Katz where m 1 ≥ 1 be an outside p 1 eigenform such that for all positive integers n such that p 1 n, T n g = a n (f )g.
Proof. (i). We have a n (g − a 1 (g)f ) = 0 for all integers n ≥ 1 such that p 1 n because a n (g − a 1 (g)f ) = a 1 (T n (g − a 1 (g)f )) = 0. Then by Proposition 2.3, (g −a 1 (g)f )(q) = F (q p1 ) for some outside p 1 eigenform F of level N p m1−1 1 such that ρ g ∼ = ρ F . Then we proceed by induction on m 1 . When m 1 = 0 by p 1 -minimality we have F = 0 and g = a 1 (g)f . Assume the result holds for m 1 less than some positive integer m. Then when m 1 = m we have (g − a 1 (g)f )(q) = G(q p1 ) for some outside p 1 eigenform G of level N p m−1 1 such that ρ g ∼ = ρ G , which by induction assumption is in the level old space of f in level N p m−1
(ii). The case t = 1 follows from (i) above. Assume the result holds for t < r. Let f ∈ S k (Γ 1 (N ), F p ) Katz be a normalised eigenform with p 1 , p 2 , p 3 , . . . , p r -minimal level and g ∈ S k (Γ 1 (M ), F p ) Katz be a normalised eigenform with T l g = a l (f )g for all primes l = p 1 , p 2 , p 3 , . . . , p r . Then by using Lemma 3.1 with S = {p 1 } we have normalised eigenforms f ∈ S k (Γ 1 (N 
Katz such that f has p 2 , p 3 , . . . , p r -minimal level and g satisfies T l g = a l ( f ) g for all primes l = p 2 , p 3 , . . . , p r . Then by the induction assumption g ∈ L old
Then h is a normalised outside M/N p m1 1 eigenform with p 1 -minimal level. On the other hand, since a l n (h) = a l n ( g) = a l n (g) for any positive integer n ≥ 1 and primes l = p 2 , p 3 , . . . , p r and g is an eigenform we have by simple q-expansion calculations that h is an eigenform at primes l = p 2 , p 3 , . . . , p r . Thus h is a normalised Katz eigenform with p 1 -minimal level. Then T l g = a l (h)g for all primes l = p 1 . Then by part (i) above we have g ∈ L old M (h), so g ∈ L old M (f ). Proof. By the hypothesis we have f = B M 1 f ∈ S k (Γ 1 (M ), F p ) Katz as N |M . Then setting S = I M in Lemma 3.1 and applying Proposition 2.5 we have ( f − g)(q) = A r G(q p ) for some integer r and an outside p Katz eigenform G of weight smaller than k, which is impossible by the minimality of weight unless G = 0, so we have a p (f ) = a p (g). Suppose a l (f ) = a l (g) for some prime l M/N and l|M . Then taking S = I M −{l} in Lemma 3.1 gives forms f and g such that a l ( f ) = 0 = a l ( g) for all primes l |M and l = l. Then f (q) − g(q) = F (q l ) for some modular form F = 0 of level M l l ∈S l which is impossible by l-minimality. Thus T l g = a l (f )g for all primes l M/N . Then since the level N of f is l-minimal for any prime l, in particular it is l-minimal for l|M/N . Then by applying Lemma 3.2 we have g ∈ L old M (f ). Proof. We proceed by induction on k . Let k = k. Then for every F ∈ V f,k , by Proposition 2.5, we can write (F − a 1 (F )f )(q) = A r G(q p ) for some integer r and an outside p Katz eigenform G of weight smaller than k , which is impossible by the minimality of weight unless G = 0, so we have V f,k = f . Then suppose the induction hypothesis is correct for all weights less than k . Then by Proposition 2.4, k = k + m(p − 1) for some non-negative integer m.
Then since V f,k is a finite dimensional F p -vector space, say of dimension d, we can pick modular forms f 1 , f 2 , f 3 , . . . , f d−1 ∈ V f,k such that f 0 , f 1 , f 2 , . . . , f d−1 constitutes a basis for V f,k . Then for all 1 ≤ i ≤ d − 1, define g i := f i − a 1 (f i )f 0 . Then a 1 (g i ) = 0 which gives a n (g i ) = 0 for all integers n ≥ 1 such that p n as a n (g i ) = a 1 (T n g i ) = a n (f )a 1 (g i ) = 0. Then by Proposition 2.5 there exist modular forms g i ∈ M ki (Γ 1 (N ), F p ) Katz for i = 1, 2, 3, . . . , d − 1 such that g i (q) = A ri g i (q p ) and g i ∈ V f,ki for some integers r i and k i < k . Then by the induction assumption g 1 , g 2 , g 3 , . . . , g d−1 are in the weight old space of f in weights k 1 , k 2 , k 3 , . . . , k d−1 respectively. This implies that the basis elements f 1 , f 2 , f 3 , . . . , f d−1 are in the weight old space of f in weight k . This gives the result. Katz be a normalised Katz eigenform with minimal weight. Then any normalised Katz eigenform g ∈ M k (Γ 1 (N ), F p ) Katz such that ρ f ∼ = ρ g and a l (f ) = a l (g) for all primes l|N is in the weight old space of f .
In the above corollary one cannot relax the condition that the eigenvalues a l (f ) and a l (g) for T l for all primes l dividing the level are the same. To construct a counterexample let F ∈ S k (Γ 1 (M ), F p ) Katz be a Katz newform. Then choose a prime l M p such that T l has two distinct eigenvalues on F (q), F (q l ) ⊆ S k (Γ 1 (M l), F p ) Katz . Then we can produce normalised Katz eigenforms f and g in this subspace such that ρ f ∼ = ρ g and a l (f ) = a l (g) but one is not in the weight old space of the other.
In Proposition 2.2 we have associated a Katz newform to any Katz eigenform which has an irreducible Galois representation. More generally if we assume the existence of Katz newforms for Katz eigenforms which has reducible Galois representation we have Proof of Theorem 1.3. By applying Lemma 3.1 with S = I M we have eigenforms F and f such that a l ( F ) = 0 = a l ( f ) for all primes l|M . Then by using Corollary 3.6 one can write F (q) = δ∈D k k α δ δ( f (q)) for some α δ ∈ F p where D k k is the set of words W in A and Frob such that W takes weight k forms into weight k forms. Let us define F 1 (q) := δ∈D k k α δ δ(f (q)) by replacing the form f by f . Suppose that f has Dirichlet character ε and suppose that F 1 (q) := t=0 i β t A i f (q p t ). Then F 1 is a T p Katz eigenform since we have a pm (F 1 ) = a p (F 1 )a m (F 1 ) for any positive integer m such that gcd(m, p) = 1 and a p n (F 1 ) = a p (F 1 )a p n−1 (F 1 ) − p k −1 ε(p)a p n−2 (F 1 ) for any positive integer n ≥ 2. The last relation follows by a case by case calculation using the later definition of F 1 . Then since ρ F ∼ = ρ F1 , a p (F ) = a p (F 1 ) and level(F 1 ) = N , by applying Corollary 3.4 we have F ∈ L old M (F 1 ), which gives the desired result.
In particular, we have determined all possible coefficients of any Katz eigenform which has irreducible mod p Galois representation from the coefficients of the corresponding Katz newform. Katz be a normalised Katz eigenform and assume that there exists a Katz newform f ∈ S k (Γ 1 (N ), ε, F p ) Katz such that ρ F ∼ = ρ f . Suppose that F (q) = n≥1 a n q n and f (q) = n≥1 b n q n are their q-expansions. Then we have the following identities: (i). When prime l M p/N , a l = b l . (ii). When prime l|M/N and l|N , a l = 0 or a l = b l . (iii). When prime l|M p/N but l N , a l = 0 or a 2 l − a l b l + ε(l)l k−1 = 0. Proof. The result follows from the explicit q-expansion calculations of the relations of Theorem 1.3.
Remark 3.8. Let us recall that in classical newform theory, the newspace has a basis consisting of newforms. However this cannot be generalised to Katz modular forms. A counterexample occurs in S 1 (Γ 0 (229), F 2 ) Katz . The associated Hecke algebra T is a local 2-dimensional F 2 -algebra, hence it has a unique attached Katz eigenform, whereas S 1 (Γ 0 (229), F 2 ) Katz is a 2-dimensional F 2 -algebra, which is a contradiction.
Reducible case
In this section, we will prove a strong multiplicity one result for Katz Eisenstein series. Then later we will show that under some condition a reducible mod p Galois representation arises from a normalised Katz eigenform with optimal level. Let us start by defining and studying the properties of Eisenstein series. We will follow the notations and definitions of [ [20] , Chapter 5] .
We define the generalized Bernoulli number B ε k attached to a complex modulo n Dirichlet character ε by the following infinite series n j=1 ε(j)xe jx
If ε is the trivial character, then B ε k is equal to the classical Bernoulli number B k for k > 1 and B ε 1 = −B 1 = 1/2.
Let ε 1 and ε 2 be two Dirichlet characters modulo u and v such that uv|N and let k be a positive integer such that (ε 1 ε 2 )(−1) = (−1) k . Let t be a positive integer. Then we have the Eisenstein series E ε1,ε2 k (q) defined by a power series
2k when cond(ε 2 ) = 1 and c 0 = 0 otherwise. Then, except when k = 2 and ε 1 = ε 2 = 1, the power series E ε1,ε2 k (q t ) belongs to M k (Γ 1 (tuv), C) for all t ≥ 1. If k = 2 and ε 1 = ε 2 = 1, let t > 1, then E 1,1 2 (q)−tE 1,1 2 (q t ) is a modular form in M 2 (Γ 1 (t), C). Moreover the modular form E ε1,ε2 k (q) is a normalized eigenform for all Hecke operators. Analogously, for all positive integers t > 1 the series E 1,1 2 (q) − tE 1,1 2 (q t ) is a normalised eigenform for all Hecke operators. Let us set E ε1,ε2,t k (q) to E ε1,ε2 2 (q) − tE ε1,ε2 2 (q t ) when k = 2 and ε 1 = ε 2 = 1, and to E ε1,ε2 k (q t ) otherwise.
Hereafter we will assume that all Dirichlet characters which we consider are primitive and we are not in the situation where our Eisenstein series have weight k = 2 and level N = 1 since there is no holomorphic modular form of such parameters. Let Den More precisely, we may first assume that the level of the classical Eisenstein series N is at least 5, since for some fixed prime l 6N p we have the level degeneracy map B lN 1 which increases the level by a multiple of l. which is unramified outside pN with the property that tr(ρ f (Frob l )) = f (T l ) and det(ρ f (Frob l )) = χ(l)l k−1 for all primes l pN . In fact the converse also holds. Any reducible mod p Galois representation comes from some twist of an Eisenstein series.
Let ε and ε be primitive Dirichlet characters with values in F p and let ε 1 and ε 2 be their respective complex lifings with the same conductors and the same orders. Then we start by proving the existence of Katz new Eisenstein series. Proof. In the case when a = p−1 we have the following cases. (i). We have that ρ F comes from E ε,ε ,t k for some positive integer t. Then since (N (ρ), k) = (1, 2) taking t = 1 gives a normalised eigenform E ε,ε k with an optimal level. Here a 0 (E ε1,ε2 k ) = 0, so we can take modulo p reduction and apply the theta operator to get a normalised cuspidal Katz eigenform g = θ p−1 (E ε1,ε2 k ) such that ρ F ∼ = ρ g . (ii). Let ρ F ∼ = ρ E 1,1,t 2 for some positive integer t. Then for prime p = 2, 3 we have
. Then set g = θ p−1 E 1,1 p 2 +1 .
(iii). Here the assumption p Den implies that the modulo p reduction is well defined. Similarly (iv) holds. On the other hand, when a = p − 1, by applying the above method to the twist θ −a F one can get the remaining results.
Let us assume that we are in the same notation and under the same assumptions as in Lemma 4.5. Then as an immediate consequence of Corollary 3.4 we have Theorem 4.6. Let F ∈ S k (Γ 1 (M ), F p ) Katz be the above normalised Katz eigenform which we consider. Suppose that a p (F ) = 0 and g ∈ S k (Γ 1 (N (ρ F )), F p ) Katz is the modular form associated to F as in Lemma 4.5. Then up to a suitable power multiple of the Hasse invariant, F is in the level old space of g.
Here also as application of Corollary 3.7 we can compute all possible coefficients of any cuspidal Katz eigenform which has reducible mod p Galois representation in terms of the associated normalised Katz eigenform of optimal level. Corollary 4.7. Let F (q) = n≥1 a n q n ∈ S k (Γ 1 (M ), F p ) Katz be an ordinary normalised Katz eigenform such that 2 ≤ k ≤ p and ρ F is tamely ramified at p and let G(q) = n≥1 b n q n ∈ S p+1−k (Γ 1 (M ), F p ) Katz be the corresponding companion form. Suppose that f (q) = n≥0 c n q n ∈ M k (Γ 1 (N ), χ, F p ) Katz is given by E ε1,ε2 k when ρ F ∼ = ε ⊕ εχ k −1 p and by the corresponding Katz newform when ρ F is irreducible. Then we have the following identities: (i). When prime l M p/N , l k b l = lc l . (ii). When prime l|M/N and l|N , l k b l = 0 or l k b l = lc l . (iii). When prime l|M/N but l N , l k b l = 0 or lb l (l k−1 b l − c l ) + χ(l)l = 0.
Proof. The existence of G is a standard result, see [10] and [5] . The identities follows by applying Corollary 3.7 to n k b n = na n for all n ≥ 1. When ρ F is reducible we instead compare G with θ p−1 f .
